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Abstract 

The first and second order form of gauge theories are classically equivalent; we consider the 
consequence of quantizing the first order form using the Faddeev-Popov approach. Both the 
Yang-Mills and the Einstein-Hilbert actions are considered. An advantage of this approach is 
that the interaction vertices are quite simple, being independent of momenta. It is necessary 
however to consider the propagator for two fields (including a mixed propagator). We derive 
the Feynman rules for both models and consider the one loop correction for the thermal energy 
momentum tensor. 

1 Introduction 

Covariant quantization of classical Yang-Mills held only became possible when it was realized that 
non-physical modes of the vector held had to be cancelled by contributions from so-called “ghost” 
helds that had non-trivial interactions [l[j5]. Even then, computations are quite involved in large 
part because vertices arising from the classical second order Yang-Mills (2YM) Lagrangian 

4-M = (S»K - S.AI + gf^AlAl) 2 ( 1 ) 

are quite complicated; there is momentum dependent three point vertex as well as a four point 
vertex. 
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The second order Lagrangian of Eq. ([!]) is classically equivalent to the first order Yang-Mills 
(1YM) Lagrangian 


jCym = ~~Kv (^A av - d v A ap + gf abc A bp A cv ) + -F° w F a 


piS 


( 2 ) 


as once the equation of motion for the independent field F^ u is used to eliminate it from the 
Lagrangian of Eq. (|2]) , the Lagrangian of Eq. ([Tj) is recovered. The advantage of working directly 
with the Lagrangian of Eq. (J2]) is that there is now only a relatively simple three point vertex 
F-A-A. It is necessary however to work with not only propagators A-A and F-F for the fields 
and F^ u , but also a mixed propagator A-F. This has been considered in 16] using background field 
quantization. 

The second order Einstein-Hilbert Lagrangian (2EH) written in terms of the metric is 



4 2 i = -Kyf^ggTRriT) 

(3) 

where 

td — rp _ fp _ fp i fp r a 

±L fiv 1 1 pv^p 1 pv*~ ap ' *■ pa*- vp 

(4) 

with 




2 g P (sv-w T gi/\,/i g^ i/, a) • 

(5) 

If we now set 

v=9<r = 

(6) 


_ -pA ^ ( rApcr | rApcr \ 

'“ T pv *- pv 2 \ p va ' Ojs*- fKj) 

(7) 

then Eq. ([3]) becomes 

41 = Khr (cy A + _ g^gA , 

(8) 


where d is the space-time dimension. 

The “ Faddeev-Popov” (FP) quantization procedure of Refs, 
of Eq. (j3| with either 


has been applied to the action 
or yp-gg^ 110,11 being treated a being the independent field. (The 


FP has to be extended to accomodate the “transverse-traceless” (TT) gauge [121). Background field 
quantization is employed 13-15 with g tw being expanded about a classical background field such 
as the flat metric rj IJrI/ . This leads to exceedingly complicated vertices as g and g pv now both become 
infinite series in the quantum field. The part of C^ H that is just bilinear in the quantum field is a 
free second order spin-two Lagrangian. 

If in Eqs. (3j4), g, w and T r ‘ w are taken to be independent fields, then for d > 2 the equation of 
motion for T p uv results in Eq. ([5]) 16 


. (This was noted by Einstein 17 ; it is often a result credited 


to Palatini |18|.) We will consider the first order Einstein-Hilbert (1EH) Lagrangian C^h b e mg 


identical to C^ H in Eq. & with h pv and G* being taken as independent fields. We then have 
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only one relatively simple momentum independent vertex G-G-h, with the propagators h-h, G-G 
and h-G. 


In d = 2 dimensions, C^ H and C 
the equation of motion for T A 
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Eh are inequivalent; an extra vector field arises when solving 
The Lagrangian in d — 2 dimensions is not a total 


20 


divergence although its equations of motion are trivial and the constraint structure reveals that 
the gauge invariance is simply 5g^ v = e /ll/ (x) for and arbitrary tensor e^ v {x) |2lj. This shows that 
no physical degrees of freedom reside in C^ H when d — 2. When d — 2, a canonical analysis of 
C^ H also possesses no physical degrees of freedom but possesses an unusual local gauge invariance 
that is distinct from the manifest diffeomorphism invariance 22,23 . Furthermore, upon quantizing 
C^lr when d — 2 using the FP procedure, it can be shown that all perturbative radiative effects 


vanish 24 


We will now consider the quantization of C}y M and C^ H when d > 2. 


2 First order Yang-Mills action 

The Lagrangian of Eq. ([2]) is invariant under infinitesimal local gauge transformation 

6A a = D ab eb = ^ab + g . f apb^ Q b ( 9a ) 

5F; V = ar b F^9 b (9b) 

necessitating introduction of a gauge fixing Lagrangian C g f and its associated ghost Lagrangian 
C g h fTtlH]. Working with the covariant gauge fixing Lagrangian 


2a (<9 ' A 


one has 


C gh = c a d-D ab c b 


where c“ and c“ are the usual Fermionic scalar ghost fields. 

The terms in Cy\ 4 + C g f + C g h that are bilinear in the fields A a and FI are 


2(Ao FI 


±d p d v | (d p if p - d K r] pp ) 


A v 

T?a 

pK, 


The inverse of the matrix appearing in Eq. 

A(<9) = 

where 


is 


^2 {rf v ~ -Ja ( d p rf p - d K rf p ) 

1_ (g\ V *v _ d * v A«/) 2 (jA a, P K _ 1_ L \a,pn^ 


jA rr,pK _ _ | r} Xp rj aK — rj XK rf p ) 

L 1 " 1 •"’(/)) = - + d’d V" - d x d l 'rj al ‘ - d°d p r] XK ) • 


( 10 ) 

( 11 ) 


( 12 ) 


(13) 

(14a) 

(14b) 
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Act 


P 


pK, 


2i (w ~ ^L Xa ^(p)^j S ab 


A a 


A 


P 


if 1 -a 

~2 U- - ) 5 


ab 


A° 


P 


pK, 


2 (PpPw ~ PkPpp) 6 ' 


ab 



(pxVau ~ PaPXu) ^ 


~\f abc {rix^ 


Va/xVXv) 


pz 


s ab 


-gf abc P» 


Figure 1: Feynman rules for first order Yang-Mills 

The propagators are given by iA(ip) and the F-A-A vertex follows from the interacting part of £y\ 4 

- (15) 

The Feynman rules appear in Fig. [T| 

We now turn to examining the 1EH Lagrangian. 


3 First order Einstein-Hilbert action 

It is tempting to consider directly applying the FP quantization procedure to the 1EH action of Eq. 
(j8| when /i M " and G^ w are treated as being independent fields. However, it is soon discovered that 
no choice of gauge leads to bilinears in the effective Lagrangian that can be inverted so as to result 
in a suitable propagator. However, if we write h ,iu = rf 1L/ + where rj^ w = diag(-t-- • • —) is 
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a flat background and is a quantum fluctuation, then Eq. (|8j) becomes (with n = 1/2) 


C 


(i) 

EH 


+rr 

i 


pi a piX pier 




G X sycr piX f uj 

a _ L Xp^au ^ap^Xu 


- ^( 1)2 , r (l )3 

— U ’EH ' u 'EH 

The infinitesimal form of diffeomorphism invariance associated with the action of Eq. 

6hr = h^d^r + lf x d x 0r - dx(h^O x ) 


( 16 ) 


IS 


(17a) 


6G X P = -V + j(^ + f»*8,)9/-«,C 
+ G^d„ 0 x - (G x p d w + G x „d p ) 0 " 


X 

flu 


(17b) 

which means that for C^ H in Eq. (15) we have the gauge transformation of Eq. (17b) while Eq. 


(17a) now implies that 

S(T = & i 6 1 ' + d v Q il + <jf x d x Q v + (j) vX d\6^ - rf v d ■ 6 - d x (<jf v O x ). 

(Indices are now raised using r/"'.) 

If we now choose the gauge fixing condition 


then the Faddeev-Popov ghost contribution to the effective Lagrangian would be 10,11 

Cfp = [&rT + (d p r a )daV^ ~ {d^dT 

+<Td P d a rr ~ (d P d v n du 


The terms bilinear in and G x v that follows from Eqs. (16) and (19) are 


A 2) _ £ 

L eff ~ 2 [ 


G x p 


A R^ s 

-n-iiv pn J-’fu, a 

■a-ya/3 n a/3 jS 

°pK A -'"'A a 


1 

1 

-o- 

35 

_1 


G%_ 


where 


pK — |^ T d v dpTjp K T OpOptjup T 0 U ()pp) 


B;t P = -(s;sl + sis s p )d, 

C^x = -\W + S X) 8x 

Sffiif 5 - 8 “${rf 5 + a^/ 3 )+ 7^5 


T} a P -y<5 7 

^A a - 4 


d~l 


(18) 


(19) 


( 20 ) 


( 21 ) 

(22a) 

(22b) 

(22c) 

(22d) 
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Using the blockwise matrix inversion 


A 

B 

-i 

X^ 1 

—X _1 BD 1 

C 

D 


—D _1 CX 1 

D 1 + D x CX^BD 1 


( 23 ) 


where 


X = A-BD' 1 C 


(24) 


and A, B, C and D have tensor representations given by Eqs. (22), we can obtain the propagators 


in a straightforward way. (Some of the following steps were carried out using computer algebra.) 
First, we compute the inverse of D^ 3 J 6 . Using Eq. (22d), we obtain 


D 1 a/3^ = 2 ^^ ( VcryVpS + VaSVPl ~ 


(7 


— 9 {fisfipVa'y + + ^S^a 1 h/3 + d^aP/ls) ■ 


(25) 


Then, substituting Eqs. (22a), (22b]), (22c) and ( |25| ) into the tensor form of Eq. (24), we obtain 
(id = p ) 


X, 


pis pn 


P?_ f 2 PpvP pK 

8 V d -2 


PppPuK PpKpl/p 


+ | ( - (- ) O', + Pt'P.fc,.) 


(26) 


Computing the inverse of this expression we obtain 

X~ lpv = 1_ [(4 _ a^rjP* _ 2(rf p rf' K + p pK p up )\ 


p2 

a — 2 

pi 

= X ^ 2 , 

/XI/ p/C ? 


+ 


[2 (p p p v rj pK + p p p K rj pv ) — p p p p r(' K — p u p p rj pK — p p p K p vp — p v p K r\ 


pp 1 


(27) 


where we have identihed the result with the graviton propagator V^ u pK (notice that for a = 2 , 


'Dpi P k has the same structure as the DeDonder gauge propagator in the second order formulation). 


Substituting Eqs. (22b), (22c), (25) and (27) into the tensor form of the off-diagonal blocks of 


Eq. (23) we obtain 


^ [p« ((«- wivr++ 2sy) - 2 psy +a»p\ 


i(a — 2 ) 

p 4 


[p K p P (ppSa + pjp) ~ PaP/3(p P V KX + P K p pX ) + PaP0P X p KP ] (28) 


'jyipGpisa _ _ sj-yGcpcr pis 


(29) 
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The propagator for the G* u field can similarly be obtained computing the second diagonal block of 


(23) with the help of Eqs. (22b), (22c), (25) and (27), which yields 

2 




a 




2 p 4 

1 

4 p 2 


[PaPpp X (; PsS" + P 7 Sg ) + p 7 psp a (pjp + P^a) - ‘ 2 PaPpP 1 PSV X ' T ] 


2 p p 


d -2 


V&'yVfiS Vp^VczS 


T] 


Act 


+V (p 7 (5^ + Sorias) + PS fcrfa + 5pV a -y)) 
+2p a (p a (Scrips + S$r] 7 p) + pp (5*p 5a + 5$p a7 )) 

-2 Pa (p 7 (v Xr7 Vps + <5|) + {p X(T pp 7 + h A <^)) 

— 2p/3 (p 7 ( 77^,5 + 55 <£) + PS {v Xa Va 7 + 8^1)) 
+(4 - a) (p 7 8s + Ps8°) (pjp + pp$a) 


d -2 


VcnjVps Vpj VoiS 


{Vp-y^S + Vpsfi X ) — -pr (va 7 8g + 7]as8 X ) 


(30) 


There is only one interaction vertex which can be read from Eq. (16). The symmetrized result 
can be written as 


1 ; a a 

V ll'Vafi'yS 


( VtfVvsSa S ° 




d-l 


- V^VusKti'y + ) + a f3 


+ 7 yy 5 


(31) 


The ghost propagator and vertex, which can be read in Eq. (20), are given by 


jygh _ 


{IIP 




(32) 


and 


v ah S(Pi.P 2 .p 3 ) = +P3) Kf> (m + P 2 P 3 ) - P2P (pK + pX)] (33) 

Using Eqs. (27), (28), (29), (30), (31), (32) and ( p3| ) we put together in Fig. [ 2 ] all the Feynman 
rules for first order gravity. 

As an example of the effectiveness of the perturbative first order formalism, let us now consider 
an explicit perturbative calculation which makes use of the Feynman rules in Fig. [2] We will 
consider a simple one-loop calculation which takes into account the coupling of the graviton field to 
the energy momentum tensor of a thermal gravitational plasma. Since this is a well known result 


which has been obtained in the usual formulation of thermal gravity 25 as well as in the transverse 


traceless gauge fixing formulation 12 , it provides a simple test of the consistence of the first order 
formalism. 


The energy momentum tensor XA and the one-graviton function Y^v are related by 


Tflu 54> 


hT _ 1 _ 

_ 2 V 9V 5 


(34) 
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v°*ie 


pK 


•jyt>Gnu 


a 
7 8 


^r\G 2 A <t 
^ a(3 'yS 


V 


A a 
^a(3 7<5 



v gh %,(puP2,m) 


Figure 2: Feynman rules for first order Gravity. 


where T is the one-loop thermal effective action. In the figure [3] we shown the one-loop diagrams 
which contribute to Y ^ v . Using the imaginary time formalism 1261 the thermal part of each of these 
diagrams can be written as 


r d d ~ l k 

J (27r) d_1 


pioo+<5 


d k { 


' — zoo+<5 27TZ 




(35) 


where Nsiko) is the Bose-Einstein thermal distribution function. For convenience we are considering 
the more general case of a d-dimensional space-time. The integrand of each contribution from Fig. 
[3] is denoted by f^ v (k) (/ = a,b,c). 

Let us first consider the diagram with a mixed propagator as shown in Fig. §( a). Using the 
Feynman rules in Fig. ([ 2 ]) we obtain 


fuv(k) = ~i 


OL 


2 ) 


k x k a kp (3a + 2d - 4 )k x rj a p - d(k a 8p + kp8 x ) 


k 4 


2k 2 


(DB~ 1 X) 


A pLVl 


(36) 


where the factor (DB 1 X)^ fil/ produces the corresponding amputated Green function. Since /“„(&) 













Figure 3: Diagrams which contributes to the thermal energy momentum tensor. 


is an odd function of k the net result in Eq. (35) will vanish trivially. 

We are then left with the ghost loop and the 6'-loop contributions. From Figs [3]-(b) and[3]-(c 
we obtain 


flM = -d k -^ 


and 
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d(d - l)j^„ + d(d + l)hh 


(37) 


(38) 


Since we are using dimensional regularization, the first term in Eq. (38) produces a vanishing 
contribution when inserted into (35). Adding the non-vanishing contribution from f b w (k) and 
fuv(k), and using (35) we obtain 


-\therm 

[±v 


d(d - 3) ( d d -'k r x -‘ d ko M ,, »k„K 

- - 2^ NB{ko) l^’ 


(39) 


' —200+5 


2 J (2vr) d - 1 

where the factor d(d — 3)/2 counts the degrees of freedom of a graviton in d dimensions. Closing 
the contour of integration in the right hand side plane, the pole at k 0 = \k\ gives the following 
contribution [there is a minus sign from the clockwise contour integration and the pole from 1/k 2 
at ko = \k\ yields a factor l/(2|fc|)] 


~\therm 

[IV 


d(d — 3) 


d|fc| 


1*1 


d— 1 


dh 2 rf i 


1 M 
e t 


(2tt) 


k„k v 


d-i'^ v 


d(d — 3) 


C(d)T(d)T a 


t f 

( 2 f)^-i" 


(40) 


where k^ = (1, k/\k\). This result can be expressed in terms of the heat bath four-velocity u M = (1, 0) 
as follows 

d(d — 3) 


r 


therm 

[IV 


4 (d 
d(d — 3) 
4(d- 1) 


—||c(d)r(d) ^j ( %Ji ) T d (r]^ v - du^uj) 


C{d)T{d) 


o — 
2tt 2 


For d — 4 we obtain 


~\therm I 

[IV 


r (^) (2 tt 

7T 2 T 4 


d -1 


du^Uik) 


\d=A 


90 




(41) 

(42) 


which is in agreement with the known result obtained using the second order formalism 1251. 


9 
























4 Discussion 


We have examined how the first order form of both the Yang-Mills and Einstein-Hilbert action 
can be used to compute quantum effects. In both cases, using the first order form at the action 
simplifies the vertices encountered when using the Faddeev-Popov quantization; unfortunately the 
propagators become more involved. 

The first and second order form of the actions can be shown to be classically equivalent by 
examining the classical equations of motion. To show that the path integrals associated with C YM 
and are equivalent, we need only take 


cl 2 ) _ r\ A ) I r i r 

^eff L-'YM ~t J ~’9S ' 


using Eqs. ([Tj) , @) and 0 and insert into the path integral 


Zf} f = / 'DA < l J Dc a 'Dc a exp i 


dxC 


( 2 ) 

eff 


(43) 


(44) 


the constant 


Upon performing the shift 


iy'(, exp i I dx[ -F;„F^ 


f;„ -4 Fi„ - (a„A. - a.A, + gr^Ai) 


we convert Z)() into where 


(45) 


(46) 


Zy,= / VA a ^DF“„Vc a V<? exp i / dxCty, 


(47) 


hi) 


,( 2 ) 


is identical to C e jj of Eq. (43) except that now C YM of Eq. (J2]) replaces C YM . 


where L ( 

Unfortunately, it is not so straightforward to show that when the Faddeev-Popov quantization 
procedure is used in conjunction with C^ H , the same result is obtained as when C^ H is treated this 
way. In any case, it is not clear that the Faddeev-Popov procedure is appropriate for d^ H as the 
constraint structure of this Lagrangian implies that the functional measure receives a non-trivial 

Such contributions have also a significant effect 


contribution from second class constraints 27 


when quantizing a model with an antisymetric tensor field interacting with a non-Abclian vector 


field and possesses a pseudoscalar mass 28 


The problem of renormalizing the divergences that arise when using the Faddeev-Popov approach 
to quantizing C YM and C^ H is quite delicate on account of the presence of mixed propagators. We 
are currently considering this issue. 
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